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Abstract
It is shown that given a Lagrangian for a system with a finite number of degrees of freedom,
the existence of a variational symmetry is equivalent to the existence of coordinates in the
extended configuration space such that one of the coordinates is ignorable.
1 Introduction
In the application of the Lagrangian formalism in classical mechanics, the existence of an ignorable
coordinate in the Lagrangian of the system under study leads to a conserved quantity (the momentum
canonically conjugated to the ignorable coordinate). This connection between ignorable coordinates
and conserved momenta follows in a straightforward manner from the Euler–Lagrange equations,
and is highlighted in almost every textbook on Lagrangian mechanics. However, the existence of
ignorable coordinates in a Lagrangian depends on the appropriate choice of the coordinates, for
which, usually, one may have no clues.
One of the reasons why the conserved quantities are important is that the solution of the equations
of motion is equivalent to the knowledge of an appropriate number of functionally independent
conserved quantities.
There is a way of finding some of the conserved quantities admitted by (the equations of motion
derived from) a given Lagrangian, which is usually obtained making use of the concept of a one-
parameter group of variational symmetries of a Lagrangian. Here we only summarize the basic
result: If L(qi, q˙i, t) is a Lagrangian for a system with n degrees of freedom and the n+ 1 functions
ηi(qj , t), ξ(qj , t) satisfy the partial differential equation
n∑
i=1
[
∂L
∂qi
ηi +
∂L
∂q˙i
(
dηi
dt
− q˙i
dξ
dt
)]
+
∂L
∂t
ξ + L
dξ
dt
= 0, (1)
where we have made use of the abbreviation df/dt := ∂f/∂t +
∑n
i=1 q˙i(∂f/∂qi), for any function
f(qi, t), then
ϕ(qi, q˙i, t) =
n∑
i=1
∂L
∂q˙i
ηi + ξ
(
L−
n∑
i=1
∂L
∂q˙i
q˙i
)
(2)
is a constant of motion (see, e.g., [1, 2, 3, 4] and the references cited therein). (In fact, a straight-
forward computation using the Euler–Lagrange equations, shows that the time derivative of the
expression in the right-hand side of equation (2) is equal to zero if and only if equation (1) holds.)
The aim of this article is to show that the existence of a nontrivial solution of equation (1) is
equivalent to the existence of a coordinate system in the extended configuration space such that
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one of the coordinates is ignorable. In other words, we want to show that L possesses a variational
symmetry if and only if there exists a coordinate transformation q′i = q
′
i(qj , t), t
′ = t′(qj , t), such
that q′1 is ignorable. In Section 2 we give a proof of this equivalence and in Section 3 we consider a
more general class of symmetries. In Section 4 we present some explicit examples, where we start
from a variational symmetry and we find new coordinates such that one of them is ignorable.
2 Ignorable coordinates and variational symmetries
Given a Lagrangian, L(qi, q˙i, t), the coordinate q1, say, is ignorable if ∂L/∂q1 = 0. Then, by virtue
of the Euler–Lagrange equations,
d
dt
∂L
∂q˙i
−
∂L
∂qi
= 0, (3)
it follows that the momentum conjugate to q1, p1 := ∂L/∂q˙1, is conserved, that is
dp1
dt
= 0.
We want to show that equation (1) is equivalent to the existence of a coordinate system (q′i, t
′) in
the extended configuration space such that
∂L′
∂q′1
= 0. (4)
We have to take into account that if t is replaced by some function t′ = t′(qi, t), then the Lagrangian
L has to be replaced by
L(qi, q˙i, t)
dt
dt′
=: L′(q′i, q˙
′
i, t
′), (5)
where q˙′i := dq
′
i/dt
′. (This relation can be derived from the equality
∫ t1
t0
L(qi, q˙i, t)dt =
∫ t′
1
t′
0
L′(q′i, q˙
′
i, t
′)dt′,
taking into account the fact that the Euler–Lagrange equations determine the stationary points of
the functional ∫ t1
t0
L(qi, q˙i, t)dt,
with fixed endpoints ((qi)0, t0), ((qi)1, t1) in the extended phase space.)
We start from equation (4), that is, assuming that
∂
∂q′1
(
L
dt
dt′
)
= 0 (6)
or, equivalently,
L
∂
∂q′1
(
dt
dt′
)
+
dt
dt′
∂L
∂q′1
= 0. (7)
We calculate the partial derivatives appearing on the left-hand side of the last equation separately.
First, we have
∂
∂q′1
(
dt
dt′
)
=
∂2t
∂q′1∂t
′
+
n∑
i=1
∂2t
∂q′1∂q
′
i
q˙′i =
d
dt′
∂t
∂q′1
=
dξ
dt′
, (8)
where we have defined
ξ :=
∂t
∂q′1
. (9)
On the other hand, by virtue of the chain rule,
∂L
∂q′1
=
n∑
i=1
(
∂L
∂qi
∂qi
∂q′1
+
∂L
∂q˙i
∂q˙i
∂q′1
)
+
∂L
∂t
∂t
∂q′1
. (10)
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The partial derivative of q˙i with respect to q
′
1 appearing in the last equation can be obtained as
follows
∂q˙i
∂q′1
=
∂
∂q′1
lim
∆t→0
∆qi
∆t
= lim
∆t→0
∂
∂q′1
∆qi
∆t
= lim
∆t→0
∆t
∂∆qi
∂q′1
−∆qi
∂∆t
∂q′1
(∆t)2
= lim
∆t→0
∆t ∆
∂qi
∂q′1
−∆qi ∆
∂t
∂q′1
(∆t)2
=
d
dt
∂qi
∂q′1
− q˙i
d
dt
∂t
∂q′1
=
dηi
dt
− q˙i
dξ
dt
,
where we have made use of the definitions (9) and
ηi :=
∂qi
∂q′1
. (11)
Hence, equation (10) takes the form
∂L
∂q′1
=
n∑
i=1
[
∂L
∂qi
ηi +
∂L
∂q˙i
(
dηi
dt
− q˙i
dξ
dt
)]
+
∂L
∂t
ξ. (12)
Substituting equations (8) and (12) into (7) we obtain
L
dξ
dt′
+
dt
dt′
{
n∑
i=1
[
∂L
∂qi
ηi +
∂L
∂q˙i
(
dηi
dt
− q˙i
dξ
dt
)]
+
∂L
∂t
ξ
}
= 0, (13)
then, making use of the fact that
dξ
dt′
=
dξ
dt
dt
dt′
,
and cancelling the common factor dt/dt′, we see that (13) is equivalent to equation (1).
Conversely, given a variational symmetry of the Lagrangian L (represented by the functions ξ
and ηi), we can solve equations (9) and (11) and find a coordinate transformation qi = qi(q
′
t, t
′),
t = t(q′j , t
′) such that q′1 is an ignorable coordinate for the new Lagrangian L
′. This is always possible
as a consequence of the so-called straightening-out lemma (see, e.g., [6]). In Section 4 we give some
explicit examples.
Now we can show that the momentum conjugate to the ignorable coordinate q′1, which is con-
served, coincides with the expression (2). We start from the expression (see equation (5))
p′1 =
∂L′
∂q˙′1
=
∂
∂q˙′1
(
L
dt
dt′
)
= L
∂
∂q˙′1
(
dt
dt′
)
+
dt
dt′
∂L
∂q˙′1
. (14)
The first partial derivative contained in the right-hand side of the last equation is given by
∂
∂q˙′1
(
dt
dt′
)
=
∂
∂q˙′1
(
∂t
∂t′
+
n∑
i=1
∂t
∂q′i
q˙′i
)
=
∂t
∂q′1
= ξ (15)
and, in order to calculate the second one, making use of the chain rule, we have
∂L
∂q˙′1
=
n∑
i=1
∂L
∂q˙i
∂q˙i
∂q˙′1
. (16)
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From the expression
q˙i =
dt′
dt
dqi
dt′
=
dt′
dt

∂qi
∂t′
+
n∑
j=1
∂qi
∂q′j
q˙′j

 ,
with the aid of equations (11) and (15), we obtain
∂q˙i
∂q˙′1
=
dt′
dt
∂qi
∂q˙′1
+
dqi
dt′
∂
∂q˙′1
(
dt′
dt
)
=
dt′
dt
ηi +
dqi
dt′
∂
∂q˙′1
(
dt
dt′
)
−1
=
dt′
dt
ηi −
dqi
dt′
(
dt
dt′
)
−2
∂
∂q˙′1
(
dt
dt′
)
=
dt′
dt
ηi −
dqi
dt′
(
dt′
dt
)2
ξ
=
dt′
dt
(ηi − ξq˙i).
Substituting this result into (16) we have
∂L
∂q˙′1
=
dt′
dt
n∑
i=1
∂L
∂q˙i
(ηi − ξq˙i)
and, therefore, the conserved momentum (14) is given by
p′1 = Lξ +
n∑
i=1
∂L
∂q˙i
(ηi − ξq˙i),
which agrees with equation (2).
3 Noether–Bessel-Hagen symmetries
If one is interested in finding conserved quantities, the condition ∂L/∂q1 = 0 is unnecessarily re-
strictive. If
∂L
∂q1
=
dG
dt
, (17)
for some function G(qi, t), then, from the Euler–Lagrange equations (3), it follows that p1 − G is
conserved:
d(p1 −G)
dt
= 0.
Certainly, it is easy to recognise the absence of a coordinate in a given Lagrangian, and, at first
sight, it may seem difficult to discover a coordinate such that equation (17) holds. However, in some
cases, the physical or geometrical nature of the system helps to discover such a coordinate. For
instance, in the case of a particle in a uniform gravitational field, the standard Lagrangian is given
(in Cartesian coordinates) by
L =
m
2
(x˙2 + y˙2 + z˙2)−mgz. (18)
Even though z is not ignorable, the assumed uniformity of the gravitational field suggests the
existence of a conserved quantity associated with this coordinate. Indeed, we have
∂L
∂z
= −mg = −
d(mgt)
dt
,
which is of the form (17), with G = −mgt (and, therefore, pz +mgt is a constant of motion).
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This generalisation of the concept of ignorable coordinate corresponds to the so-called divergence
symmetries [2], or Noether–Bessel-Hagen symmetries [5], which are defined by functions ηi(qj , t),
ξ(qj , t) such that
n∑
i=1
[
∂L
∂qi
ηi +
∂L
∂q˙i
(
dηi
dt
− q˙i
dξ
dt
)]
+
∂L
∂t
ξ + L
dξ
dt
=
dG
dt
, (19)
for some function G(qi, t). If ηi(qj , t), ξ(qj , t) satisfy equation (19), then
ϕ(qi, q˙i, t) =
n∑
i=1
∂L
∂q˙i
ηi + ξ
(
L−
n∑
i=1
∂L
∂q˙i
q˙i
)
−G (20)
is conserved.
Following the steps given in the preceding section, one finds that equation (19) is equivalent to
the existence of a system of coordinates (q′i, t
′) in the extended configuration space such that
∂L′
∂q′1
=
dG
dt′
, (21)
where G is the function appearing in the right-hand side of (19).
The function G can always be expressed in the form
G = −
∂F
∂q′1
, (22)
where F is a function of (q′i, t
′). In fact, F is defined up to an arbitrary additive function of the n
variables (q′2, q
′
3, . . . , q
′
n, t
′). Substituting (22) into (21) we find that
∂
∂q′1
(
L′ +
dF
dt′
)
= 0. (23)
On the other hand, as is well known, two Lagrangians, L and L˜, yield the same Euler–Lagrange
equations, i.e.,
d
dt
∂L
∂q˙i
−
∂L
∂qi
=
d
dt
∂L˜
∂q˙i
−
∂L˜
∂qi
, (24)
for i = 1, 2, . . . , n, if and only if there exists a function F (qi, t) such that L˜ = L + dF/dt. Thus,
equation (23) tells us that q′1 is an ignorable coordinate for the Lagrangian L˜
′ = L′+dF/dt′, which
is equivalent to L′ (in the sense of equation (24)).
Summarising, we have shown that if the functions ξ, ηi satisfy equation (19), for some function
G, then there exist coordinates (q′i, t
′) such that q′1 is an ignorable coordinate of the Lagrangian L
′,
or of a Lagrangian L˜′, equivalent to L′.
4 Examples
All the variational symmetries of a given Lagrangian can be obtained solving equation (19), making
use of the fact that ξ and ηi are functions of qi and t only, and that equation (19) must hold for
all values of qi, q˙i, and t, without imposing the equations of motion. In this manner, one finds, for
instance, that in the case of the Lagrangian
L =
m
2
(
x˙2 + y˙2
)
−mgy, (25)
the solution of equation (19) contains eight arbitrary constants [4, 7]
ξ = c3 + c7t+ c8t
2,
η1 = c1 + c4t+ c6
(
1
2gt
2 + y
)
+ 12c7x+ c8xt, (26)
η2 = c2 + c5t− c6x+ c7
(
1
2y −
3
4gt
2
)
+ c8
(
yt− 12gt
3
)
,
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where c1, . . . , c8 are arbitrary real constants, and the corresponding function G is given by
G = −c2mgt+ c4mx+ c5m(y −
1
2gt
2) + c6mgxt+ c7m(−
3
2gyt+
1
4g
2t3)
+ c8m(−
3
2gt
2y + 12 (x
2 + y2) + 18g
2t4). (27)
In order to simplify the calculations, we shall consider some particular solutions contained in (26)–
(27).
4.1 Case ξ = 0, η1 = t, η2 = 0
In the case where c4 = 1 is the only constant in equations (26)–(27) different from zero, ξ = 0,
η1 = t, η2 = 0, and G is given by G = mx. Letting x := q1, y := q2 and, similarly, x
′ := q′1, y
′ := q′2,
from the definitions (9) and (11) we have
∂t
∂x′
= 0,
∂x
∂x′
= t,
∂y
∂x′
= 0. (28)
A coordinate transformation satisfying these conditions is given by
x = x′t′, y = y′, t = t′,
and the Lagrangian in the primed coordinates is (see equation (5))
L′(q′i, q˙
′
i, t
′) = 12m[(x
′ + t′x˙′)2 + (y˙′)2]−mgy′.
On the other hand, G = mx′t′, which can be expressed in the form (22) with F = − 12m(x
′)2t′,
hence
L˜′ = L′ +
dF
dt′
= 12m[(t
′x˙′)2 + (y˙′)2]−mgy′,
so that, in effect, x′ is ignorable and the conserved momentum conjugate to x′ is
∂L˜′
∂x˙′
= m(t′)2x˙′ = m(tx˙− x).
4.2 Case ξ = t, η1 =
1
2
x, η2 =
1
2
y − 3
4
gt2
In the case where c7 = 1 is the only constant appearing in equations (26)–(27) different from zero,
ξ = t, η1 =
1
2x, η2 =
1
2y −
3
4gt
2, the function G is given by G = m(− 32gty +
1
4g
2t3), and the
definitions (9) and (11) give the set of equations
∂t
∂x′
= t,
∂x
∂x′
=
x
2
,
∂y
∂x′
=
y
2
−
3
4
gt2.
One can readily verify that a coordinate transformation satisfying these conditions is given by
x = aex
′/2, y = y′ex
′/2
−
1
2e
2x′g(t′)2, t = ex
′
t′, (29)
where a is a constant with dimensions of length.
In terms of the new coordinates, the function G is expressed as
G = − 32mge
3x′/2t′y′ +mg2e3x
′
(t′)3.
This function can be written in the form (22), with, e.g.,
F = mge3x
′/2t′y′ − 13mg
2e3x
′
(t′)3.
Then, according to equation (5),
L˜′ = L′ +
dF
dt′
=
m
2(1 + t′x˙′)
[(
1
2ax˙
′
)2
+
(
y˙′ + 12y
′x˙′
)2]
(30)
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and we can see that x′ is indeed an ignorable coordinate.
The absence of the coordinate x′ in the Lagrangian (30) means that this Lagrangian is invariant
under the finite translations x′ 7→ x′+s, where s is an arbitrary real number. Making use of equations
(29) we find that, under these transformations, the original coordinate x transforms according to
x 7→ ae(x
′+s)/2 = xes/2. In a similar manner we obtain
y 7→ es/2y + 12rgt
2(es/2 − e2s), t 7→ tes.
Thus, as a by-product of the foregoing calculations, we obtain the explicit expression of a one-
parameter group of transformations that leave invariant the original Lagrangian, L, up to the total
derivative of a function F (qi, t). A similar identification can be obtained in the other examples of
this section.
4.3 Case ξ = 1, η1 = 0, η2 = 0
In the case where the only constant appearing in equations (26)–(27) different from zero is c3 = 1,
we have ξ = 1, η1 = 0, η2 = 0, and G = 0. This symmetry corresponds to the absence of the variable
t in the original Lagrangian (25); we consider this example in order to show that also this symmetry
can be related to an ignorable coordinate x′.
A simple coordinate transformation satisfying equations (9) and (11) is
t = x′, x = t′, y = y′.
Then, a straightforward computation leads to the expression
L′ =
m
2
[
1
x˙′
+
(y˙′)2
x˙′
]
−mgy′x˙′,
that does not contain x′.
The conserved momentum conjugate to x′ is
∂L′
∂x˙′
= −
m
2
[
1
(x˙′)2
+
(y˙′)2
(x˙′)2
]
−mgy′ = −
m
2
(x˙2 + y˙2)−mgy,
which can be recognised as minus the total energy (as one would expect, taking into account the
meaning of the symmetry).
5 Several ignorable coordinates
Some Lagrangians possess more than one ignorable coordinate (for instance, the coordinates x and
y are ignorable in the Lagrangian (18) considered above) and one may ask, for instance, if the
existence of two variational symmetries implies the existence of a coordinate system in the extended
configuration space such that two of the coordinates are ignorable. The answer, in general, is no.
As an example, we may try to combine the variational symmetries considered in Sections 4.1
and 4.3; that is, we want to associate the symmetry corresponding to ξ = 0, η1 = t, η2 = 0, with
an ignorable coordinate x′ (just as we did in Section 4.1), and, at the same time, the symmetry
corresponding to ξ = 1, η1 = 0, η2 = 0, with an ignorable coordinate y
′. This means that we look
for a coordinate system (x′, y′, t′) such that (cf. equation (28))
∂t
∂x′
= 0,
∂x
∂x′
= t,
∂y
∂x′
= 0, (31)
and, in analogous manner,
∂t
∂y′
= 1,
∂x
∂y′
= 0,
∂y
∂y′
= 0. (32)
However, these equations are not compatible. In fact, from equations (31) and (32) we have
∂
∂y′
∂x
∂x′
=
∂t
∂y′
= 1,
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and
∂
∂x′
∂x
∂y′
=
∂
∂x′
0 = 0.
Thus, it is impossible to find a coordinate system such that the chosen variational symmetries
correspond to two ignorable coordinates. (Something similar happens in the case of a particle in a
central field of force; in spite of the fact that the standard Lagrangian is invariant under the rotations
about the three Cartesian axes, even in spherical coordinates, only the rotations about one axis can
be associated with an ignorable coordinate.)
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